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CLIFFORD ANALYSIS ON ORLICZ-SOBOLEV SPACES

DEJENIE ALEMAYEHU LAKEW AND MULUGETA ALEMAYEHU DAGNAW

ABSTRACT. In this article we develop few of the analogous theoretical re-
sults of Clifford analysis over Orlicz-Sobolev spaces and study mapping prop-
erties of the Dirac operator D = Z?zl ejazj and the Teodorescu trans-
form 7o over these function spaces. We also get analogous decomposition

results LY (Q,Cln) = AY (Q,Cly) + E(Wol”” (Q,Cln)) of Clifford valued
Orlicz spaces and the generalized Orlicz - Sobolev spaces W% (2,Clyp) =
ARV (Q,Cl,) + D (W(;Cﬂ’w (2, Cln)) where 1 is an Orlicz function and k €
Nu {0}.

1. Introduction

Clifford analysis is a theoretical study of Clifford valued functions that are null
solutions to the Dirac or Dirac like differential operators and their applications over
the regular continuous function spaces C* (2, Cl,,), Lipschitz spaces C** (Q, Cl,,)
and over Sobolev and Slobodeckji spaces WHP (Q,Cl,), WFAP (Q, Cl,,) respec-
tively for 0 < A < 1. The latter spaces are the right viable search spaces for
solutions to most partial differential equations where we seek functions that are
weakly differentiable as regular functions are scarce. All available literatures are
done over function spaces I have indicated and the domain {2 in most cases is a
bounded or unbounded but smooth region in Euclidean spaces R™ or a manifold in
R™ or domain manifold in C™ with being Lipschitz, the minimally smoothness con-
dition. In this paper we look at some analogous results of Clifford analysis over Cl,,-
valued Orlicz and Orlicz - Sobolev spaces such as LY (2, Cl,,) and W*¥ (Q,Cl,)
where v is an Orlicz or Young function.

Let {e; : j = 1,2,...,n} be an orthonormal basis for R™ that is equipped with
an inner product so that

(11) eiej +eje; = —2517‘60

where §;; is the Kronecker delta. The inner product defined satisfies an anti com-
mutative relation

(1.2) o® =~z

and with this inner product, R™ generates a 2"-dimensional non commutative
algebra called Clifford algebra which is denoted by C1,,.
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Basis for Cl,, : The family
{ea:ACc{l<2<3<..<n}}
is a basis for the algebra. The object ey used above is the identity element of
the Clifford algebra Cl,,.
Representation of elements of Cl,,: Every element a € Cl,, is represented

by
(1.3) a:ZeAaA

where a4 is a real number for each A.
Embedding : By identifying = = (z1,22,...,2,) € R" with 3_7_, e;a; of Cl,
we have an embedding
R" — Cl,

Clifford conjugation: @ of a Clifford element a = Y eqaa € Cl, is defined
as:

where

with particulars:

fori,j=1,2,...,n and for

i £ jee; = (—1)263-61- =eje;
Definition 1. (Clifford norm) For a =) eaaas € Cl, we define the Clifford norm
of a by

(1.4) lallcr, = ((a@)y)* = (Z ai)
A

where (a), is the real part of aa.

The Clifford norm ||.||¢y,, satisfies the inequality:
(1.5) labllcr, < ¢ (n) llallcu, Ibllow,

with ¢ (n) a dimensional constant.

Kelvin inversion: Each non zero element z € R™ has an inverse given by :
4T

=02,

< In this paper  is a bounded and smooth domain of R™ with at least a C! -
hypersurface boundary.

(1.6)

Function representation: A Cl,- valued function f : Q@ — Cl, has a
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representation:

(L.7) f=> eafa
A

where f4 : Q — R is a real valued component or section of f.

Definition 2. Let f € C* ()N C (ﬁ), we define the Dirac derivative of f by

n

(1.8) Df(z) = e;o f(x)

j=1
A function f : Q — Cl, is called left monogenic or left Clifford analytic over
Q if
Df(x)=0, Ve € Q

and likewise it is called right monogenic over Q if
f(z)D = Zawjf(x) e; =0, Vr € Q
j=1

An example of both left and right monogenic function defined over R™\{0} is
given by

O (z) = <

wnllzl1E,

where w,, = I?E’—f) is the surface area of the unit sphere in R™.
3

The function @ is also a fundamental solution to the Dirac operator D and we
define integral transforms as convolutions of ® with functions of some spaces below.

Definition 3. Let f € C* (2, Cl,)NC (9, Cly,). We define two integral transforms
as follow:

(1.9)

Teodorescu or Cauchy transform : Cof (z) = / D(y—x)f(y)d =(Pxf)(x) ,z€N
Q

(1.10)

Feuter transform : Eoaf (x) = /asz O(y—x)v(y) f(y)doQy = (D*vf)(x) , ¢ 0N

where v (y) is a unit normal vector pointing outward at y € 9Q and "*x” is a
convolution.

These transforms will also be extended to hold over Sobolev spaces W5 (Q, Cl,,)
by continuity and denseness arguments.
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2. Cl,—Valued Orlicz and Orlicz — Sobolev — Slobodeckji Spaces

The function spaces we use in this paper are Cifford algebra valued Orlicz-
Sobolev - Slobodeckji spaces. We therefore start with the definition of these spaces.

Definition 4. A function ¢ : [0,00) — [0,00) is said to be an Orlicz function if
¥ (0) =0, lim v (x) =00 and ¥ / and convex on its domain.
Tr—>00

An example of such a function is 2 (z) =| z |2 and ¢ (x) =| z [P for 1 < p < cc.

Definition 5. Let ) : [0,00) — [0, 00) be an Orlicz function. A measurable, locally
integrable function f € Li,. (0, R) is said to belong to the Orlicz space LY (Q, R) if

3ﬂ>0:/ﬂ¢(|f(;)|)dm<oo

We thus define the Orlicz space LY (2,R) as

Lw(Q,R):{feLloc(Q,R);35>o:/
Q

with a norm called Luzembourg norm defined as :

wcfgn>ﬂh<@ﬁ

. flz
2.) Il =int(s > 0: [ o (HEM ) an, <1y
The Orlicz power functions ¢ (z) =| = |P for 1 < p < oo provide the usual

Lebesgue spaces LP (2).

The theme here is to work Clifford analysis over such function spaces and develop
analogous results we have on the usual regular, Lebesgue and Sobolev spaces. We
start by defining how Clifford valued functions be in Orlicz spaces.

Definition 6. A Cl,-valued measurable and locally integrable function f = Z eafa

A
over ) is said to be in the Orlicz space

feLY(Q,Cl,) & fac LY (L R)

with Clifford-Luzembourg norm:

(2.2) Il Leciny = D IfallLe@r)
A

The Clifford-Luxembourg norm of f is defined interns of the Luxembourg norm
of component real valued functions f4.

We next define the Cl,,— valued Orlicz-Sobolev spaces.

Definition 7. Let ¢ be an Orlicz function and k € NU{0}. We define the Orlicz-
Sobolev space Wk (Q,Cl,) as

WHR (Q,Cl) = {f € Lioe (2, Cla) : (VA) (38, > 0) 3 /Qw

0<al<k

(| Dfa(2) |

3, ) dQ, < oo}
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with norm (Clifford-Luzembourg )

@3 1 o= 2 X a = 21 e
A 0<|al<k
where
D x
| fa llweory:=inf{B4 >0: Z / (M) dQ, <1}
0<|a|<k Ba

When k = 0 we have LY (2, Cl,,) and

feL?(Q,Cl,) < faeL¥(,R)
with
(2.4)

I fllee @)= Ziﬂf{AA >0: /Qi/f (%) dQ, <1} = Z Il fallze@r)
A A

We also define traceless Sobolev spaces as

W (Q,Cly) = {f € WFY(Q,CL,) : floa = D" floa = 0}
1<]a|<k-1
The generalized Orlicz-Slobodeckji spaces are defined as

Definition 8. The Orlicz - Slobodeckji spaces

WLV (00, Cly) = {g = 7 « f € WHY(Q,Cl)}

with associated norm :

|(Dg])|
- _ 77 ) dof,
9157100 00,c1.,) Z /aQ v < A

llell <k—1

s //¢(|D°‘g(§|)x—_DyTg(y)l)|x_y|2ndmxdmy

llell=k=1 50 50

when k =1, we have
WO (69, Cl,) = LY (09, Cl,,)
These Orlicz-Slobodeckji spaces are analogues of the Sobolev-Slobodeckji spaces

Wk (00,Cl,) :=={g=7f: f € WEP(Q,Cl,)}

for ke N.

Proposition 1. The Slobodeckji space WisP (09) with A =1 —% so that |A] =0
and {A\} =1- 1—17 and for f € W'"5P (092) we have

_ )| 2—n
15 Dy oy 15 Moy + [ [ (LY o =y do, a0,

002 00
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Proof. The proof is short and straight forward by considering {A\} =1 — %, [A] =0
so that the singularity exponent of the integrand wiil be

= y|—(dim(¢99)+{>\}p) = |z— y|—(n—1+{>\}p)
= |z —y[ (1 (3)r)
= |z —y Y
lz =y
|z —yl”

which provides the factor expression of the integrand of the right term of the
right hand side of the two summands of the norm and the actual norm follows form

the definition of norm of Slobodeckji space W** (95).
O

Proposition 2. The Orlicz-Slobodeckji space LY+ (09, Cl,,) has the following norm:
for f € LY¥ (09, Cl,),

I f e ooy=Il f L0001 +//1/1 (W) | — y|2*” doQ,dosy,,

Yy
20 00
with A > 0.

3. Mapping Properties of D, (g and

The three operators, the Dirac operator D, the Teodorescu or Cauchy transform
(q and the Feuter transform ;¢ keep integrability invariant but change regularity
(smoothness) over Sobolev spaces in the following ways:

Proposition 3. The Dirac operator D : WE¥ (Q, Cl,,) — WF=L¥(Q, Cl,,) with

IDfllwns—1.0@,0t.) < YN llwew @00
for vy =~ (n,¥,Q) a positive constant.

Proof. Let f € Wh¥ (Q,Cl,). We need to show that

IDflws-rv@eny = >, I D*(DF) le@.ctn
0<|a|<k—1
= Y ID°fllreqct
0<|B|<Lk

A

< vl fllwre@ctn)

Proposition 4. D : LY (Q) — W=1¥ (Q) where ¢ is an Orlicz function.
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Proof. Let f € LY (Q,Cl,). Then

(Df,g)l

9# 0,9 € Wy ()}
HQHWOL’P*(Q)

”DfHW*l*/’(Q) = SUP{
for ¢ and ¥x* are conjugate Orlicz functions.

But

[(Df, )l [(F, D) < M llw o) [ Dgll o= (o)

||f||Lw(Q)||g||W01,¢*(Q)

IN

Thus by the Cauchy-Schwartz inequality we have

(Df,q)] ||f||Lw(Q)||g||W01,m(Q)
9]l S T = Ifllze
g Wl () g Wi (@)
Therefore
Df,g .
IDfllw-rv@) = SHP{M 1g#0, g€ Wolﬂﬂ (D)}

||9||W01~¢*(Q)

£l e gl e g .
o g0, ge WHT(Q))

< sup{
HQHWOL’P*(Q)

= |[fllze @)

Proposition 5. Let k € NU {0} and ¢ be an Orlicz function. Then there exists a
positive constant 8 = 0 (n,v,Q) such that

(3.1) Cq: WhY(Q,Cl,) — WY (Q,Cl,)
with
”CQfHWk“W(Q,CZn) < ﬁ”f”wkvw(sz,czn)

Proof. Let f € W*¥ (Q,Cl,). Then clearly (o f € W*L¥ (Q,Cl,,) as D(of = f

from Borel-Pompeiu relation and we have norm estimates

ICafllwrire.cny = Z | D*Cof v,
0<|e|<k+1
= Z | DB(DCQf) HLw(sz,czn)
0<|B|<k
= Z | DBf HLw(Q,czn)
0<|B|<k
< vl llwee o)
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Proposition 6. We also have the mapping properties of the boundary Feuter in-
tegral €5 and the trace operator T:
(i) The Feuter transform :

(3.2) Eo s WELVY (90, CL,) — WHY (Q,Cl,)
with
||§aszf||wk,w(9,czn) < 9”f”p”ykfl,w,wag,czn)

and

(i%) the trace operator :
(3.3) T WEY(Q, Cl,) — WY (09, ClL,)
with
H Tf ”Wk—l,w,w(ag,czn) = H Tf ||W’C*1v¢(6£2 Cly)

+ 3 // ('DanAﬁx DTTf( )||x—y|2_"d891d8§2y>

lel=k—1 50 50

IN

0|l fllwes et

2 > // (|Da L DTf( )||x_y|2"d691d69y)

Ia\ k=170 "o
| f lwew e
— Df 2—n
= 0 4+ Z ¥ (| (‘)w - “f@l |z — | dandaQy)
I(JtI:k—l [ORKY)

= 0 f llwre@,cr
where 01,02 are quantities of (n,¥,Q) and 6 = § (n,1, Q) with § = max{61,02}

Proposition 7. The composition £5q © T preserves reqularity of a function in a
Sobolev space.

Proof. Indeed the trace operator 7 makes a function to loose a regularity exponent
of one when acted along the boundary of the domain keeping integrability index
unchanged. But the boundary or Feuter integral ;o augments the regularity
exponent of a function defined on the boundary by an exponent that is lost by the
trace operator and therefore the composition operator £, o T preserves or restores

the regularity exponent of a function in a Sobolev space.
O

The following proposition is what I call it the trinity of Clifford analysis based
on the relationship that connects I, £, and (g where I is the identity operator.
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Proposition 8. (Borel-Pompeiu ) Let f € W*¥ (Q,Cl,). Then

[ =8l +CaDf

Proof. The proof can be done either through Gauss theorem or integration by parts
shown below first for a function f € C* (2, Cl,) N W*¥ (Q, Cl,,)

[o@-9 05w, = [@-puwiwaon, - [Doi-y fwie,
Q o0 Q
But

[ D= i, =[5 -y) f0)ae, = f(z)
Q Q

where § here is the Dirac-delta (impulse) distribution and rearranging terms we
get the result.

Then since C* (Q, Cl,,) N WY (Q,Cl,) is dense in W*¥ (2, Cl,,) and by con-
tinuity arguments for f € W*¥(Q,Cl,) we get a sequence {f, : n € N} C
C>= (Q,Cl,) N Wk¥ (Q,Cl,) such that f,, — f in W*¥ (Q,Cl,,) sense and that
completes the proof. ([

Corollary 1. (i) If f € WJY (Q,Cl,), then

f@ = [ew-yDrwae,
Q
= &aDf
That is D is a right inverse for (o and (g is a left inverse for D over traceless

spaces.
(i¢) If f is monogenic function over ), then

f@ = [eE-pnwieaon,
a0
= &oaTf
Therefore monogenic functions are always Cauchy transforms of their traces over

the boundary.

Proof. The proof follows from the above Borel-Pompeiu result. But a further note
from (i) and (i¢) of the corollary is that a traceless monogenic function is a null
function. (|

4. Decomposition Results

In this section we present two decomposition results, one for the Cl,,— valued Or-
licz space LY (2, Cl,,) and for the generalized Orlicz-Sobolev space WY (Q, C1,,).
But first,

Definition 9. Let ¢ be an Orlicz function, we define
(1) The ¢— Orlicz - Bergman space

AY(Q,Cl,) = {f € LY (Q — Cl,) : Df =0 on Q} = LY (Q, Cl,,) Nker D

and
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(1) The generalized 1— Orlicz-Sobolev - Bergamn space
ARV (Q, CL,) == WY (Q,Cl,) Nker D
The first decomposition result for the Orlicz-Sobolev space:

Proposition 9. Let ¢ : [0,00) — [0, 00) be an Orlicz function. Then we have the
direct decomposition of the Orlicz space

LY (,Cl,) = AY (2,CL,) @D (WM («, czn))

where AY (Q, Cl,,) is the ¥— Orlicz - Bergman space over ).
Proof. Let

f e A (@.Cly) oD (W (2,CL))
Then Df =0 and f = Dy for some g € W'Y (Q,Cl,). But then

Df = D(Dg) = Ay

and from invertibility of Ag : Wol’w (Q,Cl,) — Cl,,, we see that g = 0. Therefore
f = 0 which implies

AV (Q,C0l,) @D (Wol’w (@, czn)) — {0}
Again to show that every element f € LY (Q,Cl,) is a sum of elements form the
summand spaces A¥ (9, Cl,,) and D (WOMJ (Q, Cln)>.

Let f € LY (Q,Cl,) and take n = Ag'Df € W)'¥ (Q,Cl,), define a function
g:=f —mn. Then Dg = D (f —n) = 0 which implies

g€ KerDN LY (Q,Cl,) = A (,Cl,)

Thus
f=g+nea’@.cl)eD (W @cl))

where + is used for elemental direct sum and that proves the proposition. (|

The second decomposition result for the generalized Orlicz-Sobolev space:

Proposition 10. The Clifford valued Sobolev space W*¥ (Q,Cl,,) has a similar
direct decomposition

Wk (Q, Cl,) = AR (Q,C1,) + D (Wg“*W («, czn))
where AFY (Q, Cl,,) is the generalized - Orlicz-Sobolev - Bergman space over (.

Proof. The proof follows the same argument as above. O



CLIFFORD ANALYSIS ON ORLICZ-SOBOLEV SPACES 11

5. First Order EllipticBVP

Here we look at first order elliptic boundary value problems of the Dirac operator
and provide norm estimates of a solution in terms of norms of the input data.

Proposition 11. Let f € WF=1¢ (Q, Cl,) and g € Wr1%% (8Q, Cl,,) for k > 1.
Then the first order elliptic BVP:

Du=f inQ
(5.1) { Tu =g on 02
has a solution u € W*¥ (Q, Cl,,) given by

u(r) = a9 + Caf

Proof. The proof follows from the Borel-Pompeiu relation. As to where exactly u
and g belong, we make the argument : f is in W*~1% (Q, Cl,,) and hence from the
mapping property of D, we have u to be a function in W% (Q, Cl,,).

Also from the mapping property of the trace operator 7 we have
Tu = ulpq = g € WFHYY (90, Cl,)

O

Proposition 12. The solution u € W*¥ (Q,Cl,,) of the elliptic BVP (5.1) has a
norm estimate :

S Joav (15) don,

lef|<E—1
U , < A () D _n
Nlullwew .00, 71 n //1/) (|D ;;(;')%Dy| g(y)|) I 409,409,
lali=k—1
9000
DOt
. [0 (12251 i,
Q A

llell=F—1

where 71,74 are constants the depend on p,n and 2.

Proof. Clearly from the mapping properties of D, (o, 7 and €5 D and because
g € WF-L¥:%(9Q, Cl,,) and f € WF1:¥(Q, Cl,,) we have

ue Wkv (Q,C1,)
From the Borel-Pompeiu theorem we have the solution u given by:

u(z) =Egag + Caf
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Now the of the solution u can be estimated in the following sequence of inequalities:

lullwrr@,cr) = €o0g + Cafllwer@.ci)

IN

€009 llwrr,ci,) + ICaflwre@.ci

IN

71 ||9||v7k—1,w,w(agzycln) + 72||f||Wk*11P(Q,Cln)

laf/ k-1 o ¥ (|Dag(m)|) 4ol

71 ‘Da a .
IIcvllfk 1// Mw u\ )|l’—y| doQ,dosy,

002 02

5 L2

llall=

+

[

s (2542

|| <k—1

= ’Yl ‘Da a .
r= 1// e )I:v—yl d0$2,do%,,

00 00
|Df (z) |
+ ¥ (7) A2,
i ||a|§1/Q A

The constants v, and 7y, are from the mapping properties of 5, ( and 7.

(1]
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