
On Functions of Bounded Mean Oscillation (BMO)

Let f be a function de�ned on a domain 
 � Rn.
Let x 2 
 and let B (x; r) := fy 2 Rn : ky � xk < rg � 
. Then

faveB (x; r) :=
1

kB (x; r) k

Z
B(x;r)

f (y) dy =: fx;r:

| f is said to be of bounded mean oscillation over Rn written as

f 2 BMO(Rn) i¤ sup
B(x;r)�Rn

1

kB (x; r) k

Z
B(x;r)

j f (y)� fx;r j dy <1:

Let us see few examples :

� Example 1 : f (x) = k : Rn 	.
Then

fx;r =
1

kB (x; r) k

Z
B(x;r)

f (y) dy =
1

kB (x; r) k :kkB (x; r) k = k:

Therefore

[f ]BMO(Rn) = sup
B(x;r)�Rn

1

kB (x; r) k

Z
B(x;r)

j f (y)� fx;r j dy = 0:

Conclusion: Constant functions are functions of Bounded Mean Oscilla-
tion with Mean Oscillation norm 0.

� Example 2. Consider the linear function f (x) = x : R 	. Then

fx;r =
1

k B (x; r) k

Z
B(x;r)

f (y) dy =
1

k B (x; r) k

Z
B(x;r)

ydy =
1

k B (x; r) k
y2

2 jB(x;r)

=
1

2 k B (x; r) k

�
(x+ r)

2 � (x� r)2
�
=
4xr

4r
= x:

Find the Bonded Mean Oscillation Norm of f : [f ]BMO(R).

Solution:

[f ]BMO(R) = sup
B(x;r)

1

k B (x; r) k

Z
B(x;r)

j f (y)� fx;r j dy

1



= sup
B(x;r)

1

2r

Z
B(x;r)

j y�x j dy = sup
B(x;r)

1

2r

24x+rZ
x

(y � x) dy +
xZ
x�r

(x� y) dy

35

= sup
B(x;r)

1

2r

�
r2
�
=1:

) f =2 BMO (R).

� Problem: For what value(s) of q 2 R is the function f(x) = xq 2
BMO (R).
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