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The Dirac delta generalized function � is described intutively as a distribu-
tion with the following properties:

� (x) =

�
0 if x 6= 0
1 if x = 0Z

R
� (x) dx = 1

and Z
R
� (x) v (x) dx = v (0) ;8v 2 C10 (R)

We can also see � (x) as the a distributional derivative of a function called
Heavyside function given by:

h(x) =

�
1 if x � 0
0 if x < 0

by looking at the equality :Z
� (x) v(x)dx = �

Z
h(x)v0(x)dx

Indeed, Z
h(x)v0(x)dx =

Z 1

0

v0(x)

= �v(0)

and so

�
Z
h(x)v0(x)dx = v(0)

On the other hand Z
R
� (x) v(x)dx = v(0);8v 2 C10 (R)

Therefore we conclude that
h0(x) = � (x)

in a sense of distributional or some times called weak derivative.

By taking distributional derivatives of h of all orders, we can see that the
Dirac delta distribution is di¤erentibale in�nitely many times as follows:

1



First
�0 (x) = h00(x)

as a distribution with:Z
R
h00 (x) v(x)dx =

Z
R
�0 (x) v(x)dx

=

Z
R
h(x)v00(x)dx

Indeed Z
R
h(x)v00(x)dx =

Z 1

0

v00(x)dx

= v0(x) j10
= �v0 (0)

and Z
R
�0 (x) v(x)dx = �

Z
R
� (x) v0(x)dx

= �v0(0)

which justi�es �0 exists as a distribution. Then for an arbitrary k 2 N; we claim
that

�(k) = h(k+1)

the k � th distributional derivative of � exists from:Z
R
�(k) (x) v(x)dx = (�1)k

Z
R
� (x) v(k)(x)dx

= (�1)k v(k) (0) ;8v 2 C10 (R)

Therefore � is in�nitely di¤erentiable generalized function and because there
is no a regular function that behaves as � does, it is called generalized function
or distribution.

De�nition 1 The operator e
d
dx is de�ned as a di¤erential operator of in�nite

order by : e
d
dx =

P1
k=0

1
k!

dk

dxk

Proposition 2 e
d
dx (ex) = e(x+1)
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Proof. Clearly ex is an in�tely di¤erentiable function and therefore,

e
d
dx (ex) =

1X
k=0

1

k!

dkex

dxk

=
1X
k=0

1

k!
ex

= ex
1X
k=0

1

k!

= ex+1

Proposition 3 e
d
dx � =

P1
k=0

�(k)

k! and e�
d
dx � =

P1
k=0 (�1)

k �(k)

k! are distribu-
tions.

Proof. Let  2 C10 (R;R), thenZ
R
e

d
dx � (x) (x) dx =

Z
R

1X
k=0

�(k)

k!
 (x) dx

=
1X
k=0

Z
R

�(k) (x)

k!
 (x) dx

=
1X
k=0

Z
R
� (x) (�1)(k)  

(k) (x)

k!
dx

=

1X
k=0

(�1)(k)  
(k) (0)

k!

and in a similar argument, one can showZ
R
e�

d
dx � (x) (x) dx =

1X
k=0

 (k) (0)

k!

with both sums
P1
k=0

 (k)(0)
k! and

P1
k=0 (�1)

(k)  (k)(0)
k! convergent to the values

e
d
dx (0) and e�

d
dx (0) respectively.

Let � be a multi index with � = (�1; �2; �3; :::) and

D� =
@�1

@x�11

@�2

@x�22
:::

be a partial di¤erential operator. Let  2 C10 (Rn;R) be a function whose
compact support contains zero, then we can write the Taylor series of  at 0 as

 (x) v
1X

j�j=0

D� (0)x�

�!
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for all x near 0 and by taking x! 1 = (1; 1; :::) of Rn we get

1X
j�j=0

D� (0)x�

�!
s

x!1=(1;1;:::)

1X
j�j=0

D� (0)

�!
v  (1)

Proposition 4
P1

j�j=0
D��
�! and

P1
j�j=0 (�1)

� D��
�! are distributions.

Proof. Let  2 C10 (Rn;R), thenZ
Rn

1X
j�j=0

D�� (x)

�!
 (x) dx =

Z
Rn
� (x)

1X
j�j=0

(�1)� D
� (x)

�!
dx

=

1X
j�j=0

(�1)� D
� (0)

�!

Similarly one can show thatZ
Rn

1X
j�j=0

(�1)� D
�� (x)

�!
 (x) dx =

1X
j�j=0

D� (0)

�!

Proposition 5 eD
�

� and e�D
�

� are distributions withZ
Rn
eD

�

� (x) (x) dx = e�D
�

 (0)

and Z
Rn
e�D

�

� (x) (x) dx = eD
�

 (0) ;8 2 C10 (Rn)

Proof. The proof follow from the fact that

eD
�

=
1X
k=0

Dk�

k!

and

e�D
�

=
1X
k=0

(�1)k D
k�

k!

Proposition 6 Let F : C10 (Rn)! R be a distribution. Then D�F , eDF and
eD

�

F are all distributions from C10 (Rn) to R

Proof. The proofs follow in a similar argument made for the Dirac delta dis-
tribution �.
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