Problems by Dejenie Alemayehu Lakew

Problem 1 Define the function f over the domain Q = [0,2] by

f(a:):{ z, for0 <z <«

1, fora<axz <2
and g be the function defined by

1, for0<z<a
0, fora <z <2

g(z) =

Prove that g is a first order distributional derivative of f over Q only if a = 1.

Proof. Let v € C§° () be an arbitrary function. Then we have to check the

equality:
/gvdz = f/fv'dx.
Q Q
But then
@ 2
/fv/dw = / xv'dx +/ v'dx
Q 0 a
= (a—1Dwv(a) —/avdx
0
and

/gvd:c :/ vdz.

Q 0

Therefore from the definition of a distributional or week derivative of first order:
g = D, f over Q if

/gvdm = —/fv'dx, Yo e C§° (Q).
Q

Q
That is N o
—/ vdx = (a—l)v(a)—/ vdx
0 0
which implies that
(a—Nv(a) = 0

= either a=1 or v(a)=0.



But from the arbitraryness of v, we have oo = 1.

That means the function g has to be continuous at t =a =1 n

Problem 2 For the function

_Joazx, for0<x<p
f(ac)—{ 1, forB<az<2

prove that

_J oo, forO<z<p
g(x)—{ 1, forB<z<?2

is a first order distributional derivative of f over Q = |0, 2]

Proof. Again, for v € C§° (), we have to impose the equality:

/fv'dx = —/gvdx.

Q Q

But then
B 2
/fv'dm = / zv'dx —I—/ v'dz
Q 0 B
B
= v(ﬁ)(aﬁfl)foz/ vdx
0
and
B
—/gvdm = —a/ vdz.
Q 0
Thus

B B
af vdr = v(B)(af—-1)—af vdx
/ /
— af-1=0 or v(B)=0.

From the arbitrayness of v, we have
af—1=0.
That is
af=1 or a=pa""1

Again, here the function f has to be continuous at x = 8 which is when
aff =1 in order it has a weak or distributional derivative over 2. m



