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Abstract

In this article we show an orthogonal decomposition of the Hilbert
space L2 (Q) as L*(Q) = A2 (Q) & £ (VVOL2 (Q)), define orthogonal
projections and see some of their properties. We display some decom-
position of elementary functions as corollaries.

Notations.

Let Q= [0,1]
@ : Set direct sum

W Unique direct sum of elements from mutually orthogonal sets

-2 . o .
(%) . Inverse image of a second order derivative of a traceless function

0

A2(Q) =ker LNL2(Q)={f: [ fPdz <oco> (L) f=0o0nQ}
Q

[l == 1 2

We define the following function spaces
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(I) The Hilbert space of square integrable functions over €2

L*(Q) = {f : Q — R, measurable and /f2dx < o0}
Q

(1) The Sobolev space
Wh(Q) ={f e L*(Q) : f;, € L* ()}
where f! is a weak first order derivative of f,i.e,
39 € L () 1 g = f,,

with
/gsodar = —/fsodw,vso € Cy7 ()
Q

Q

and
(I1I) the traceless Sobolev space
Wy () = {f e W (@) : f(0) = f(1) =0}
The Hilbert space L? () is an inner product space with inner product
(e s L2 (Q) x L*(Q) — R
defined by

. 9oy = / f (@) g(x)du

and W12(Q) with an inner product

(SIS

(f, wrey = (- 9) r2@) + (Fi G r2(0)

where f! ¢! are weak first order derivatives.

Definition 1. For

Fer?(Q), flew =/ {(f Hrew



On Orthogonal Decomposition of L? () 29

and for

FEW (@), I lwra@ = /Il + 1l

With respect to the defined inner product above, we have the following
orthogonal decomposition

Proposition 1. (Orthogonal Decomposition)

I2(0) = A (@) & (Wi ()

Proof. We need to show:

() A2 @ e L (W* (@) = {0}
(ii) Vf € L*(22), 3 a unique g € A? (Q) and 3 a unique h € L (Wy* (Q))

such that
f=gWh.

Indeed
(i) Let f e A2(Q)N L (W,? ().

Then p
A2 —f =
feA ()= —f=0

and so f is a constant. Also

d 1,2
— “(Q
RS Ir (Wo ( ))
and hence
3h e W,” (Q)
such that

f=
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But then as f is a constant we have

h=cxr+d
But
trh=0 on 0Q={0,1}

and hence

h(0)=0=4d=0
and

h(l)=0=¢c=0
Therefore

h=0 and hence f=0.

d 1,2 B
< (w2 (@) - (o)

(i1) Let f € L*(Q). Then consider

o= (i), (@)1

which is in Wy (Q) and let

A% (Q)N

Then
d d d
w0 = (- (a)7)
A, @ [(a\T(d
- dr dx? dr ), \dx
=0
Thus

and hence with
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we have

f=g4n (B)

From («) and () the proposition follows.

Remark. The subset A2 (Q2) of L?(Q) is a closed set and its orthogonal
complement

L Wi @) = (2 @)

is closed as well.

In addition representation of elements in the Hilbert space L?(Q) is
unique; i.e.,

d
Vfe L*(Q),3 aunique g € A(Q) and a unique h € . (I/Vol’2 (Q))
x

such that
f=9+h

which we denote it as
f=g9h

Definition 2. Due to the orthogonal decomposition there are two or-
thogonal projections

P:L*(Q) — A%(Q)
and

Q:12() — L (Wi (@)

with
Q=1-P

where [ is the identity operator.

Proposition 2.  Vf e L?*(Q) we have

(P(f),Q(f)) =0
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Proof. Let f € L*(Q). Then
Pf e A*(Q)

and so it is a constant and

Qf€£jwﬁﬂﬁﬂ

and hence

3 a unique h € Wy (Q)
such that

Qf =1 with trh=0
Therefore

(P(£).QU) = (P(1).H) = [ P
Q
Then from integration by parts we have

/ﬁgwmz—/Pummzo

Q Q
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since P(f) € ker % and we have no boundary integral that might have
resulted from the application of integration by parts because of the traceless

of h.

(P(f),Q(f)) =0

Proposition 3.  We have the following properties

(i) PQ=0

(1) Q*=Q
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That is P and @) are idempotent

Proof. Let f € L*(Q) and let
g=PfeA*(Q)

Then g € L? () and let

Then ¥ = 0 and setting

d
h=g- d—l/J

x
~~

I

we have

d
g=h+——1

dx
=~

H

with
Pg=h and Qg=0
Therefore,
and

Qy=QPf=0
Similarly let

d 1,2
— L w2
n=Qf € Ir (Wo™( ))
Proof. Let f € L*(Q). Then we have the unique decomposition,

J=Pr+Qf
But then

(f.1) = (Pf+Qf Pf+Qf)
= (Pf,Pf)+{(QF,Qf)
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That is
1112 =P FIP + QI

We will look at few examples whose validity is supported from uniqueness
of representations in Hilbert spaces.

Corollary 1.

For f(x) =x € L*(Q) we have

1 1
P(f)=5 and Q(f) =z
and hence
f@) =t (-2
T) = — T — —
2 2
Proof. Let
d\ 1 1
=D72(Df)=|— |
w0 (0 = () =gt g
with P .
' =Ty
and let y .
g=1f— %Qﬂ = 5
Then p p p
=g (1= g0) =0
and hence p
f=g+ %Yﬂ
as a direct sum. That is
I 1 " 1
= — xr — —
2 2
Corollary 2. For f(z)==x

(P(f),Q(f)) =0
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Proof. Indeed

Py = [5(e-;) e
:
2
0

Corollary 3. ||z]|* = [|5]* + ||z — 3|?

Corollary 4. For f(x) = x?

P(fl=5 ad QU=+

Proof. Let

1 1
and let
d
g = f—aiﬁ
_ x2_(x2_2)
3
_ 1
and so ;
ker —
g < erdx
and so

35
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which signifies

with

Corollary 5. |22]]? = ||%||2 + || (952 - %) I

Proposition 4. For the orthogonal projections P and () we have the
following results

P)=e—1, Q()=€e"+1—¢

(1i1) P(cosz) =sinl, @ (cosz) = cosx —sinl

so that
cosz =sinlW (cosz —sin 1)

(iv) P(sinz) =1—cosl, Q(sinx)=sinx +cosl—1

so that
sinz = (1 —cosl) W (sinz +cosl—1)

Proof of (iii). Let

—2
P = (%)O (% cosx) =sinx — (sinl)
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d
= %1& (x) =cosz —sinl
Then set J d
g:f—%ﬂ):sinléker%
Thus
cosx = sin 1 W (cosx — sin 1)
and hence

P(cosx) =sinl and @ (cosx)=cosx —sinl

Corollary 6.
@) Na"l? =l 1P + 2" = 5112

(@) "I = lle = 1[I + [le” + 1 —e]”

(ii1) || cosz||* = || sin 1||? + || cos & — sin 1|?
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